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Abstract

In this paper we consider infinite implicit systems of parabolic functional-differential
inequalities together with nonlocal initial inequalities with integrals. For that systems we give
strong maximum principles in relatively arbitrary (n + 1) — dimensional time space sets more
general than the cylindrical domain.
Keyword: infinite parabolic systems, implicit systems, nonlocal inequalities, strong
maximum principles
Streszczenie

W pracy rozwazamy nieskonczone uwiklane uktady parabolicznych funkcjonal-
no-rézniczkowych nieréwnosci z nielokalnymi poczatkowymi nieréwnosciami
z catkami. Dla uktadéw tych dowodzimy mocnych zasad maksimum we wzgled-
nie dowolnych (n + 1) — wymiarowych zbiorach czasoprzestrzennych bardziej
og6lnych niz obszar walcowy.
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1. Introduction

In this paper we consider infinite implicit diagonal systems of non-linear parabolic
functional-differential inequalities of the form

FOotu 00,4 (%, G (%9, b (%9, U=
2 F(x6V (%0, ¥ (%0, % (XD, Y (%9, 9 (ON)

for (x, t) = (X, ..., X, t) O D, where D O R" x(t,,t, +T] is one of three relatively arbitrary

1)

sets more general than the cylindrical domBjyx (t,,t,+T] O R™,
The symbol W = u orv) denotes the mapping:

wiNxDO(i, x,t) - W (x )OR,
where D is an arbitrary set such that:
DODOR"x(—oo,ty +TJ;
F (iON) are functionals ofw,V\);( = grad, V\i/( x) and WiXX(X, t) denote the matrices of

second order derivatives with respeck tof w (x,t) (ION).

We give a theorem on strong maximum principles for problems with inequalities (1)
and with nonlocal inequalities together with integrals.

Results obtained are based on those by Besala [1], Brandys [2], [3], Chabrowski [8],
Redheffer and Walter [15], Szarski [16], [17], Walter [18], Yoshida [20] and the author [6],
[7].

Some infinite and finite, parabolic and hyperbolic systems were considered by
Brzychczy [4], [5], Jaruszewska-Walczak [10], Kamont [11], [12], Lakshmikantham and
Leea [13], Pudetko [14] and Zabawa [21].

Infinite parabolic systems have physical application. For this purpose please see the
publications: [9] by Guigand [19] by Wrzosek.

2. Preliminaries

The notation, definitions and assumptions given in this section are applied throughout
the paper.
We shall use the following notations:

R =(-0,0), N={1,2,.} x= & ,..x, JR" (ON )
By (® we denote the Banach space of real sequénedg', &2, ...) such that:
sup”Ej‘ = 1,2,.}.<oo
and

2] =surf]e’| ;i = 1,2}



For £=(&%82,..),n= 0t n?,..)0¢° we writef < n in the sens€' <n' (i ON).
Letto be a real finite number and It] (0,0). By D O{(x f): XOR", t, <t<ty,+T}
we denote the set of typB)((For the definition of this set see [7]).
For anyt O[t,,t, +T] we define the following sets:
_|in{xOR":(x ) OO for t=t,
_{{XD]R{”:(X Y00 for t#t,

o = int[D n (R"x{t)] for t=t,
Dn (R"x{8) for t#t,.
Let D be an arbitrary set such that:
DODOR"x(—w,ty +T].
We introduce the following sets:
0,0=D\D and I =9,D o
For an arbitrary fixed point(x,f)0D, we denote byS (%T) the set of points
(x,t)0 D, that can be joined t¢x,f) by a polygonal line contained B along which the
t-coordinate is weakly increasing from f) to (X, ).
Let Z_, (D) denote the linear space of mappings:
w:Nx DO, x,t) - W (x ) OR,
where the functions:
w:DOxt) - w(x )OR
are continuous irD and
sup{|w (x,t)|: (x,t)d D, iON }< co.
For w, WO Z, (D) we write w< W in the sensev < W (iDON).

In the set of mappinge belonging toZ,, (D) we define the functiond]} ., by the
formula:

W ., =supfo,w (x,T):(x1)O D, t=<t, iON},
wheret<t,+T.
By z2Y(D) we denote the linear subspacezf(D). A mappingw belongs toZ (D)
it W, W= (W, V), Wi = [\)\/4 « In n (iDN) are continuous id.

By M .n(R) we denote the space of real square symetric matriegs; ] .



n
For r OM ,,(R) we writer = 0 if z rhjAc 20 forall (Ay,... A, )OR".
jk=1
Let the mappings:

F:DxRXRxR"xM, ., (R)xZ_ (D) O(xtz pgrw
- FR(xtz pgrwiR (ON)

be given and let for an arbitrary functiond Z2(D)

Rlxtw:= RO twOx ) WO b Wix), e (x ) w
(x,t)0D (iON).
Two functionsu, v Z2*(D) are called solutions of system:
FixtuzF[xtV¥ (ION) 2

in D, if they satisfy (2) forxX, t) O D.
Assumption (L). There are constahts> 0 ( = 1, 2) such that:

Fxtzpagrw-F(xtzpagrws L(p P (IN;

for all(x,t)0 D, zOR,p> p, qOR", rO M, R ), w1 Z O}
and

<LOz-zl+ 1 XD 1g="g F DAY k- + Wl ) @N

j=1 jk=1
forall (x,t)0D, z,ZOR, p IR, ¢ @R", il My, R), wvd Z (D)
For every setA ] D and for each functionvd Z,, (D) we apply the notation

max W(X,t)F( maxw (x,t), maxw Q(I),.).
(x,t)OA

(x,t)DA (x,t)DA
Let | =N orl is a finite set of mutually different natural numbers.
Let us define the set:
S= U(OTZi—l b O, )’
ial
where, in the case if =N, the following conditions are satisfied:
() tg<Ty_1<Ty <te+T for Ol anc Ty #Ty_,, T, #T; for i,jOlI, i#]

(i) To=inf{Ty_,:i01} >ty



(i) § 0§ forevery tO| J[Tay T4 ]

i0
(v) SO forevery tO[T, to+T]

and in the case Ifis a finite set of mutually different natural numbers, the conditions (i),
(iii) are satisfied.
An unbounded sdd of type P) is called a set of type>§,), if:

(a) S0
(b) Fno, #0.
Let S denote a non-empty subset®MWe denote the following set:
I, ={i 01 :(oy, , Doy, ) O s}.

A bounded seb of type ) satisfying condition (a) of the definition of a set of type
(Psp) is called a set of typd§p).

3. Strong maximum principles

Theorem 3.1. Assume that:

1° D is a set of typeRsr) or (Psp).
2° The functionsF;, (i ON) satisfy AssumptionL().

3° udz2Y D) and the maximum of functiamonT is attained. Moreover,

K':= (rxr}%r(u' (x,t) (ON) (3)

and K O0¢% is defined by the formulae
K:NxD OG,x,t) - K'.

4° The following inequalities hold:

Ty
(u'(x,to)—K')+%;h(x) ﬁTg!-lu’(x,r)dT—K' <0 4)

for x0§, (jON),
where h 1§, - Ra (id L) are given functions such that:

—1th(x)sO for xO §

idl.
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and additionally ifl. =0, then the series

Ty
1 i .
;h(X)ﬁTJIUJ(X,T)dT (jON)

are convergent forxJ § .

5° There exists a poir{x ,f )0 D such that:

u(x ,t)= max u(xt).
(x,t)ID
Moreover,
M =u(X,{) (iON) (5)
and M 0O0/% is defined by:
M :NxD O, x,t) - M.

6° uandv =M are solutions of system (2)
7° F (iON) are parabolic with respect toin D and uniformly parabolic with respect to

M in any compact subset bf (see [7]).
Then:

max u (x,t)= maxu (x,t) (6)
(x,)dD (x,0r

Moreover, if there is a pointk, ) 0 D such that:

u(x,t) = max u(x,t)
(x,t)dD

then

u(xt):(xmt%u(x,t) for &t S (Xt)

Proof. We shall prove Theorem 3.1 for a set of typeg-( only, since the proof of this
theorem for a set of typ®4g) is analogous.

We shall argue by contradiction. Suppose that the contrary of (6) holds, i.e.
M #K
Next, (3) and (5) imply inequalities
K'sM' (0ON).
Consequently,

There is¢/ ON such that
Kf<Mm’. 7)



Observe, from assumption 5°, that:
There is a poin{x,f YO D such that
u(xE, 1) = M= max u(xt). (8)
(x,t)dD

By (8), by assumption 3° and by (7), we have:
(X,f)0D\r=bpOo,. (9)
Assume that:
(x,t)0D. (10)
From assumption 6° and from (8), we get:
ubz24(D),
Fixtul=2FK[xtM] for (xt0O D (iON),
u(xt)s M for (x,tYd D,
u(x',f)=M.

(11)

The assumption thdD is a set of typeR), Assumption ), relations (10) and (11),
and assumption 7° imply, by Theorem 4.1 from [7], the equation:

uxt)=M for (x,t)IS (x,t) (12)
On the other hand, from the definition of a set of tyPg)(there is a polygonal line
yOS (X, ) such that:
ynl 0. (13)

Since u' OC(D) (iDN), we have a contradiction of formulae (12) and (13) with
formulae (3) and (7). ThereforeS (t') O D and, consequently, from (9),

(x,t) 0o, . (14)
Consider now two possible cases:

0 Dh(¥=0, () -1 h(x)<O0.

idl. idl.

In case (I) condition (14) leads, by (7), to a contradiction of (4) with (8). From this
contradiction the proof of (6) is complete in case ().
In case (Il), by the definition of seltaindl., we must consider the following cases:

(A) I+ is a finite set, i.e., without loss of generality, there is a numb@N such that
Ik = {1, ey p}
(B) card I, =0,.
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First we shall consider case (A). By (4) and by the inequalities:

P
ux,<u(x,t) for tDU[-Ei—l'TZ]'

i=1
being a consequence of (8) and (14) and of conditions (a) (i), (a) (iii) of the definition
of a set of typeRgr), we have:

P Ty
02(ui(>F,p))—Ki)+Zh(>F){T _1T jui(x‘j,r)dr— K‘}z
i=1 2i 2i—l-|-2i_1
P 1 Ty
>l (X, t)- K+ { (X t)dt- K |=
(U (x,)-K) ;h(X)LTZi—Tz_lTJ_lu (X, fp)dt J

:(u’(xm,m—KJ)(1+Zh(*j)J (jON),

i=1

Hence

P
U p) S K if 1+ h (KF)> 0. (15)

i=1

Then, from (7) and (14), we obtain a contradiction of (15) with (8). Assume now:
P
2 N0 =-1. (16)
i=1

By the mean-value integral theorem, we have that for eyérN and i {1, ... p} there
is -l:ij D[TZi —1» T2] such that:

T2i

1 J' ul (X, ). (17)
27 a1y

(<, T =

Simultaneously, for every ON there is a numbet; 0{1,...,p} such that:

uj(xD,'T;j_)=

]

max v (X,7) (18)

i=1,...p
Consequently, by (16), (18), (17) and by (4), we obtain:

u ()= (T )=(d (% 4)- w‘)—(d( %7)- K)

J

=(u(¢.6)- ) 2o u (5, 7)- )<
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S(“"(XD'%)-K")éh(xD)(d(w)- )=

) _ p 1 Ty _ _ .
:@%%Hﬂ_Kq+g;mi5Tﬁ_BﬂJTNQQnm—KJso (jON).
Hence
uj(ﬂto)suj(ﬁ:gjj) (jON) if Zp:n(xﬂ)z—L (19)
=

Since, by (a) (i) of the definition of a set of tygey), 'I:,j, >t, (jON), we get from (14)
7l

that (19) is at a contradiction with (8). This completes the proof of (6)sfa finite set.
It remains to investigate case (B). Analogously to the proof of (6) in case (A), by
assumption 4° and by the inequality:

u(x*.t)<u()€’5) for tDU['Ei_l,'E],

idl.

being a consequence of (8), (14), and of (a) (i), (a) (iii) of the definition of a set of type
(Psr) we have:

T2i
Oz(uj(xu,p))—Kj)+Zh(>F){ ! juj(xD,T)dr—Kj}E

: Ty —Ts-
idl. 2 2 l-|-2i_1

T2i
z(u"(xD,ro)—Kj)+Zh(>F){T [ p)dr- K"}
i0l 2 a-1¢,

= (X, )~ K@+ Y h(xX) (jON).

il
Hence
uGl )< K if 1*2'\ o)> 0. (20)
i0l.
Then from (7) and (14), we obtain a contradiction of (20) with (8). Assume now:
D h () =-1. (21)
idl.

By the mean-value integral theorem we have that for ejéyN' andi O I. there
is -l:ij D[TZi _1,T2] such that:

Ty

j u E 1) dr. (22)

2i ~ l2i-1
Toi1

HCADE
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Let

T = iQIfT]i (jON). (23)
10«
Since U 0C(D) (iON) and since, by (14) and by (a) (iv), (a) (ii) of the definition

of a set of typeRsr), X 0 S for everyt O [Ty, to + T] if | =N, it follows from (23) that for
every jON there isf]- D['ﬁj T +T] such that:

w(xX,t)= max ul (x ). (24)
T T+ T]

Consequently, by (21), (24), (22) and by assumption 4°, we obtain:
u ()= U (X, ) = (W (X, §)- K)=(d (%)~ K)=
=W (X 6) = KD+ D hOOU (X, F)- K)<

il
<) - K+ D TR (X, T)- K)=
0l
T2i
= U (X, )~ K+ 3 h(X)| —— Juednde-Ki <o (jom).
i, Toi Ty S
Hence
w ) sl F) i D h(X)=-1. (25)
il

Since, by (a) (ii) of the definition of a set of tyg&d), t; >ty (j UN), we get from (14)

that (25) is at a contradiction with (8). This completes the proof of equality (6).
The second part of the thesis of Theorem 3.1 is a consequence of (6) and of Theorem
4.1 from [7]. Therefore, the proof of Theorem 3.1 is complete.
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