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a b s t r a c t 

this paper concerns a circuital model of a 5.5 kVa salient pole synchronous generator with 
damping bars, with and without the rotor skew. the paper presents an influence of the stator to 
rotor self and mutual inductance distribution on the induced voltages in the no-load steady state. 
inductance distributions used in the circuital model are determined in the feMM program for 
linear and nonlinear magnetic circuit. simulation and experimental verification are presented.
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1. Introduction 

both for a designer and a user, knowing about the harmonic contents of waveforms of 
induced voltages in the stator winding, a synchronous generator in the no-load and load 
steady states is very important [1–4]. Generator sets consume more fuel due to the presence 
of higher harmonic contents in the induced stator voltage and current waveforms. this has 
negative economic consequences. 

in a no-load state, a magnetic flux density in the air gap of a synchronous generator is 
distorted due to: the influence of the stator and rotor slot opening [5]; the presence of the 
damping circuits [6]; saturation of the magnetic circuit (mainly low order odd harmonics) 
[7, 8]; magnetic rotor asymmetry; static and dynamic stator;rotor eccentricity; inside asym-
metry [9–13]. low power salient pole synchronous generators without the rotor (or stator) 
skew up to several kVa due to a single-layer stator winding have the largest content of 
higher harmonics (in low power synchronous generators less than 10 kVa dominate sin-
gle layer windings) [14–19]. no rotor skew and the presence of single-layer stator wind-
ing causes a significant increase in higher harmonic order in self and mutual inductance 
distributions in circuital models of synchronous generators [14–19]. in cases of powering 
various types of sensitive loads (e.g. UPs, Pc computers, notebooks, compact fluorescent 
lamps and different types of audio-video electronic equipment) the induced stator voltages 
and the armature currents are very distorted. this case is illustrated in figure 1, where the 
comparison of registered waveforms of induced stator voltages ua and ub, field voltage Uf 
and current if in no load state for two salient pole synchronous generators with single-layer 
stator winding with and without the rotor skew are presented. the first generator rated data 
as follows: SN = 5.5  Va; UN = 400 V (Y); IN = 7.9 a; cosϕN = 0.8; nN = 3000 rpm; Qs = 24, 
p = 1 (number of pole pairs); αq = 15° (angle of rotor skew). the second generator rated data 
as follows: SN = 10 kVa; UN = 400 V (Y); IN = 14.5 a; cosϕN = 0.8, nN = 3000 rpm; Qs = 24, 
p = 1, αq = 0° (without the rotor skew). during the investigations, field winding is powered 
by a dc voltage source (Uf = const.). 

fig. 1. comparison of registered induced stator voltages in no load state for two salient pole 
synchronous generators: a) with the rotor skew, b) without the rotor skew

the total harmonic distortion (THDua) counted up to the 100th harmonic in the presented 
waveforms (in fig. 1) of the induced phase voltages under no-load conditions are [18]:

• with the rotor skew THDuas = 8.41%,
• without the rotor skew THDua = 10.21%.
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the participation of the higher harmonics in the induced stator voltages is the most 
visible during the powering of sensitive receivers. the two synchronous generators (with 
and without the rotor skew) are used for powering a Pc set-up (a Pc unit, a monitor and 
a laser jet printer). in figure 2, comparison of registered waveforms of the distorted load 
current ia for the two salient pole synchronous generators with and without the rotor skew 
are presented. during the investigation, the field winding is powered by a dc voltage 
source (Uf = const.).

fig. 2. comparison of currents of two synchronous generators with and without the rotor skew

in figure 3, the comparison of load current magnitudes with and without the rotor skew 
(fig. 2) due to the fourier analysis is presented.

fig. 3. comparison of current magnitude harmonics 

the total harmonic distortion counted up to the 100th harmonic in the presented wave-
forms (in fig. 2) during powering the Pc set-up are:

• with the rotor skew THDias = 80.14%,
• without the rotor skew THDia = 84.21%.

although, from the 14th harmonic the higher harmonic contents are greater for the 10 kVa 
synchronous generator (without the rotor skew) than for the 5.5 kVa version (with the rotor 
skew) due to saturation of the magnetic circuit (mainly 3rd and 5th harmonics figs. 2 and 3 and 
lower fundamental magnitude for generator with the rotor skew than without the rotor skew), 
the total harmonic distortion for the synchronous generator with the rotor skew THDias is 
equal to 80.14%. it is similar to THDia = 84.21% (for the synchronous generator without the 
rotor skew). in the presented waveforms (in fig. 2), the harmonic contents can be calculated 
by the telephone harmonic factor THFia (from 14th to the 100th harmonic):
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• with the rotor skew THFias = 44.21%,
• without the rotor skew THFia = 6.22%.

from presented figs. 1–3 results, that about a better quality of synchronous generator can 
decide the harmonic contents in induced stator voltages in the no-load state. 

the most important aspect in simulations using a circuital model of a synchronous 
generator is choosing suitable reference frames and the presence of the damping circuits 
[5, 6, 8–10, 14–17]. studies of synchronous generators using circuital models are very 
popular in the rotor reference frame dq0 due to constant inductance distributions. but this 
assumption (constant inductance distributions) is true if the self and mutual inductances 
of the stator windings contain only the constant component and the same magnitude of the 
2nd harmonic [19]. as shown in [19], for linear and nonlinear magnetic circuit the Park’s 
transformation of the higher harmonics of the stator self and mutual inductance distribu-
tions to the dq0-axes introduces only additional unnecessary calculations (because not 
only the self inductance distributions in the dq0-axes but also the mutual ones contain 
higher harmonics) [19]. 

this paper presents an influence of the stator to rotor self and mutual inductance and 
derivative distributions on the waveforms of induced phase stator voltages in the no-load 
steady state of the nonlinear 5.5 kVa salient pole synchronous generator with damping bars 
on the rotor with and without the skew. in the circuital model, the self and mutual inductance 
distributions are obtaind using the feMM program. detailed analysis of the influence of the 
rotor skew on the reduction of higher harmonics in self and mutual inductances are presented 
in [14–19].

2. Model of a salient pole synchronous generator in the stator and rotor natural 
reference frame

due to contents of higher harmonics in the self and mutual inductance distributions in 
the dq0-axes, simulations of the induced phase stator voltages ua, ub and uc with a circuital 
model of a salient pole synchronous generator is easier to carry out in the stator and the rotor 
natural reference frame [19]. in figure 4, the equivalent circuit parameters of a salient pole 
synchronous generator in the no-load state are presented [17]. 

the circuit model (fig. 4) consists of the field winding, three phase stator windings (ia, ib 
and ic are equal to 0) and damping bars (5 bars per pole) with segment of rings. on differen-
tial linkage fluxes in no-load state have the influence the electrical angle of the rotor position 
θ, the field current (if) and currents in the equivalent 10 damping bars and ring segments 
(ir(1), ..., ir(10)). as shown in [14], the amplitudes of higher harmonic currents ir(1)v, ..., ir(10)v in 
the no-load steady state of the 5.5 kVa salient pole synchronous generator are very small. 
in this condition, on the magnetic flux distribution the field winding ampere-conductors have 
significant influence and the damping bar ampere-conductors can be omitted. so, in the no- 
-load steady state it can be assumed that on the self and mutual inductance distributions have 
influence only the electrical angle of the rotor position θ and field current if. 

in the circuital model (fig. 4), the induced stator phase voltages ua, ub, uc, the field voltage 
uf and the induced voltage in the k-th shorted equivalent damping bar can be expressed as [17]:
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where: 
a, b, c, f  – indexes of stator windings and field winding,
Ψa, Ψb, Ψc, Ψf  – stator and field winding linkage fluxes,
ua, ub, uc, uf  – stator phase voltages and field voltage,
Rf  – resistance of the field winding, 
if  – field current, 
r(k)  – index of k-th-damping bar k = {1, 2, …, 10},
Ψr(k) – k-th damping bar linkage flux,
Rr(k)  – resistance of equivalent damping bar and ring elements. 

fig. 4. equivalent circuit parameters of a salient pole synchronous generator in the stator and rotor 
natural reference frame a) field winding, b) stator windings, c) damping circuits

a)

c)

b)
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 Rr(k)= Rpr + Rer/{2sin2(α(k)}= Rpr + R′er, 

Rpr, R′er  – resistance of damping bar (in area of main flux) and equivalent ring elements (in 
  area outside of main flux), 
α(k)  – an angle between the equivalent k-th rotor damping bar (with ring elements) and 
  the rotor reference axis, α(k) = pπ/Qr,
Qr  – number of rotor bars, 
L′er  – equivalent inductance of end ring elements, L′er=Ler/{2sin2(α(k)},
ir(k) – current in k-th damping bars and ring elements,
θ – electrical angle of the rotor position θ = θmp,
θm – mechanical angle of the rotor position, 
ω – electrical angular velocity ω = (1/p)·dθ/dt.

the differential linkage fluxes can be derived from the following equations:
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where: 
isfr – matrix of the stator currents (equal to zero), field current and currents in the equiva- 
  lent 10 damping bars and ring elements [0, 0, 0, if, ir(1), ... , ir(10)]

T,
Ψsfr  – matrix of linkage fluxes of stator windings, field winding, and equivalent 10 damp- 
  ing bars [Ψa, Ψb, Ψc, Ψf, Ψr(1), ... , Ψr(10)]

T, whereas Ψsfr = Lsfrisfr, 
Lsfr – matrix of self and mutual inductances of stator-to-rotor windings and damping bars 
  (and ring elements) can be expressed as:
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where:
Laf, Lbf, Lcf  – mutual inductance of the stator windings to the field winding (Lfa, Lfb, Lfc), 
Lar(k), Lbr(k), Lcr(k)  – mutual inductance of the stator windings to k-th damping bar and ring 
  element (Lr(k)a, Lr(k)b, Lr(k)c), 
Lf  – self inductance of the field winding, 
Lfr(k) – mutual inductance of the field winding to k-th damping bar and ring ele- 
  ment (Lr(k)f), 
Lr(k) – self inductance of k-th damping bar and ring element,
Les, Lef, Ler – leakage inductance of stator winding, field winding and ring element.
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from relations (1) to (5) in the no-load state, the matrix describing induced stator voltages 
whilst taking into account 10 damping bars with the ring segments can be expressed as [17]
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from relations (1) to (5) in the no-load state, the matrix describing circuits of the field winding 
and the equivalent 10 damping bars with the ring segments can be expressed as: 
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in expression (7), the significant simplification of the description of the model (in relation 
to classical circuit model) is the diagonal matrix of resistance (of field winding and damping 
bars with ring segments).

3. Determination of the self and mutual inductance distributions

figure 5 presents magnetic flux distribution lines obtained using the feMM program 
[11–14] for the examined nonlinear 5.5 kVa salient pole synchronous generator (with and 
without the rotor skew with shorted 10 equivalent damping bars) rated: SN = 5.5 kVa; 
UN = 400 V (Y); nN = 3000 rpm; IN = 7.9 a; cosϕN = 0.8; p = 1; Qs = 24; αq = 15° (factory rotor 
skew equal to stator slot pitch). in feMM software, the magnetic field distribution (fig. 5) 
and inductance distributions are obtained from current flowing in the field winding (in fig. 5, 
two upper and two lower slots on the rotor) as a function of the electrical rotor position an-



332

gle θ. the calculations are carried out on the basis of the real construction data of the 5.5 kVa 
synchronous generator in the no load steady state with initial rotor position θ0 = 0 (fig. 5). 
a method of determining the self and mutual inductance distributions in feMM program is 
presented in [17]. 

fig. 5. distribution lines in the 5.5 kVa salient pole synchronous generator with 10 damping bars in 
the no-load state a) magnetic flux density, b) current density in the field winding

in the induced stator voltages (6) in the no-load state, one of the most important are stator 
to field winding inductance distributions. the fundamental components of the induced stator 
voltages ua1, ub1, uc1 are the products of electrical angular velocity ω and mutual inductance 
derivative distributions (∂Laf1/∂θ), ∂Lbf1/∂θ), ∂Lcf1/∂θ)) and constant component of the field cur-
rent if0. each phase stator winding gives the product ua1 = ω(∂Laf1/∂θ)if0, ub1 = ω(∂Lbf1/∂θ)if0, and 
uc = ω(∂Laf1/∂θ)if0. in the case of winding, symmetry the voltage magnitudes are equal.

figures 6–12 contain the next indicates: s – index with the rotor skew; n – index for non-
linear model. figure 6 shows the comparison of the stator to field winding mutual distribu-
tions for the nonlinear model without the rotor skew (Laf). in the case of the nonlinear model, 
the influence of saturation on the inductance distribution for better visibility is presented 
from 120° to 240° (fig. 6b)). the mutual inductance distribution for the nonlinear model 
with the rotor skew (fig. 6) is very similar to the model without the rotor skew. the differen-
ces are only visible after calculation of the product ω∂Lafsn/∂θ and ω∂Lafn/∂θ (nonlinear model 
with and without the rotor skew – fig. 7a)) or the product ω∂Lafsn/∂θ and ω∂Lafn/∂θ in relation 
to ω∂Laf1/∂θ (fundamental component of linear model – fig. 7b)) and in higher harmonic 
contents due to the fourier analysis (fig. 8). in figure 8c), higher harmonic contents from 
65th to 75th (in the zoom window from 0 to 1%) are presented. 

figure 9 shows the comparison of the mutual stator to damping bars (5 damping bars 
per pole) inductance and the inductance derivative distributions without the rotor skew 
(in relation to the linear one) and higher harmonic contents due to the fourier analysis 
(fig. 10).
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fig. 6. comparison of the stator to field winding mutual inductance distributions for the linear and 
nonlinear model without the rotor skew Laf and Lafn a) θ = 0°–360°, b) θ =120°–240° 

a) b)

a) b)

fig. 7. comparison of the stator to field winding mutual distributions of the product a) ω∂Lafn/∂θ and 
ω∂Lafsn/∂θ, b) ω∂Laf1/∂θ, ω∂Lafn/∂θ, and ω∂Lafsn/∂θ (in zoom window from θ = 0° to θ = 180°)

fig. 8. comparison of harmonic contents of the stator to field winding mutual inductance and 
inductance derivative distributions a) from 3rd to 29th, b) from 39th to 63th, c) from 65th to 75th 

a)

b)

c)
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fig. 9. comparison of the mutual stator to damping bar inductance and the inductance derivative 
distributions for the linear and nonlinear model a) Lar(1) - Lar(5), b) Lar(1), Lar(1)n, and Lar(1)sn (in zoom 
window from θ = 140° to θ = 260° for better visibility), c) products of ω∂Lar(1)n/∂θ and ω∂Lar(1)sn/∂θ, 

d) products of ω∂Lar(3)n/∂θ and ω∂Lar(3)sn/∂θ

a) b)

c) d)

fig. 10. comparison of harmonic contents of the stator to damping bar mutual inductance and 
inductance derivative distributions of a) from 3rd to 25th, b) from 43rd to 75th

a)

b)
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in the harmonic spectrum comparison of the mutual inductance and the inductance 
derivative distributions (figs. 8 and 10), it can be seen that odd harmonics dominate. the 
greatest reduction of the higher harmonic order is achieved by the rotor skew. from the 
harmonic spectrum comparison results, it can be seen that for the examined 5.5 kVa salient 
pole synchronous generator without the rotor skew, the participation of, for example, the 
73rd harmonic of the stator to field winding mutual inductance distribution is very small 
and is only 0.1% (with relation to the fundamental component fig. 8c)). in the case of 
calculating the mutual inductance derivative (fig. 8), the value is enhanced 73 times by the 
derivative order value and the participation increases to 7.3% (with respect to the deriv-
ative fundamental component). similarly, the participation of the other higher harmonics 
that are the most visible in the inductance distributions (figs. 8 and 10) are enhanced by 
the derivative order value [16]. 

in the case of the mutual inductance and the inductance derivative distributions of the 
stator to rotor damping bar with and without the rotor skew, the most significant is the 3rd 
harmonic. a skew of the rotor has a significant influence on the reduction in higher-order 
harmonic [16–19]. so, the lower-order harmonics (for example, caused by the saturation of 
the magnetic circuit) are only slightly reduced due to the rotor skew (figs. 8 and 10).

as shown in [15], the field current (7) depends on the method of powering the field 
winding. Moreover, the field current and currents in 10 damping bars depend on the self and 
mutual rotor inductance and inductance derivative distributions (7). figure 11 shows the 
comparison of the field winding self inductance and the inductance derivative distributions 
without the rotor skew and higher harmonic contents due to the fourier analysis.

fig. 11. comparison of the field winding a) self inductance distributions for linear and nonlinear model, 
b) products of ω(∂Lf/∂θ), ω(∂Lfn/∂θ) and ω(∂Lfsn/∂θ), c) detailed harmonic contents of the inductance 

and inductance derivative distributions for 24th, 48th and 72nd order

in figure 12, the comparison of the field winding to damping bars mutual inductance 
distributions Lfr(1)n - Lfr(5)n (Lfr(6)n - Lfr(10)n), the product of ω(∂Lfr(1)sn/∂θ) and ω(∂lfr(1)n/∂θ) for 
nonlinear model (with and without the rotor skew) and the harmonic contents in relation to 
the constant component of Lfr(0) due to the fourier analysis are presented. the differences be-

a) b)

c)
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tween Lfr(1) - Lfr(5) (Lfr(6) - Lfr(10)) and Lfr(1)n - Lfr(5)n (Lfr(6)n - Lfr(10)n) for linear and nonlinear models 
are very small and therefore, in fig. 12, is shown only the nonlinear model. 

a) b)

c) d)

fig. 12. distributions of a) the field winding to damping bars mutual inductance, b) products  
ω(∂Lfr(1)n/∂θ) and ω(∂Lfr(1)sn/∂θ), c) products ω(∂Lfr(3)n/∂θ) and ω(∂Lfr(3)sn/∂θ), d) harmonic contents 

4. Numerical simulations using the circuital model

Simulation studies of the influence of the dc voltage powering the field winding on 
higher harmonic contents in the induced stator phase voltages and the field and damping 
bar currents under no-load steady state conditions for the examined 5.5 kVa salient pole 
synchronous generator with and without the rotor skew are obtaind using the circuital model 
– expressions (6) and (7). figure 13 shows the transient state of currents in 5 damping bars 
(per pole) after switching on the dc voltage that is powering the field winding. 

fig. 13. transient state of currents in 5 damping bars

Presented in figs. 14–16, waveforms and harmonic contents are obtaind in an almost 
steady state. figure 14 shows current waveforms ir(1) (without the rotor skew) and ir(1)s (with 
the rotor skew), the current derivatives dir(1)/dt and dir(1)s/dt and harmonic contents due to the 
fourier analysis of the nonlinear model. 
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fig. 14. comparison of a) the currents ir(1) and ir(1)s, b) the derivatives dir(1)/dt and dir(1)s/dt, c) and d) 
and e) and f) harmonic contents of ir(1), ir(2), ir(3) and ir(1)s, ir(2)s, ir(3)s, dir(1)/dt, dir(2)/dt, dir(3)/dt and dir(1)s/dt, 

dir(2)s/dt, dir(3)s/dt

figure 15 shows current waveforms if (without the rotor skew) and ifs (with the rotor skew), 
the current derivatives dif/dt and difs/dt and harmonic contents due to the fourier analysis.

a) b)

c) d)

e) f)

fig. 15. comparison of a) current waveforms if and ifs, b) derivatives dif/dt and dif/dt, c) harmonic 
contents

a) b)

c)
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as shown in figs. 14 and 15, due to the presence of the Qs = 24 open stator slots in some 
damping bars on the rotor k = {1, 5, 6, 10} the current derivative dir(k)/dt for the 24th harmonic 
has a value of almost 11 ka/s. Moreover, the current derivative dif/dt for the same harmonic 
has a value of almost 36 a/s. this implies in the circuital model that in (6), the product of 
the stator to rotor mutual inductance distributions and rotor current derivatives (in the model 
without the rotor skew) have a significant impact on induced stator voltages in the no-load 
state. for the model with the rotor skew in the waveform of the rotor current derivatives dom-
inate the low order 6th harmonic because the 24th harmonic is reduced due to the rotor skew.

figure 16 shows the simulation of the induced stator phase voltage waveforms uas, ubs, 
and ucs and ua, ub, and uc (with and without the rotor skew) when the dc voltage is powering 
the field winding of the examined nonlinear 5.5 kVa synchronous generator. Moreover, in 
fig. 16, the contents of harmonic magnitudes due to the fourier analysis are presented.

a) b)

c) d)

fig. 16. induced stator phase voltages under no-load conditions (Uf = const.) a) waveforms for model 
with the rotor skew, b) waveforms for model without the rotor skew, c) and d) harmonic contents

in the presented waveforms (in fig. 16), the total harmonic distortion THDua for the case 
of Uf = const. are:

• for the model with the rotor skew THDuas = 8.39%,
• for the model without the rotor skew THDua = 13.73%.

5. Experimental verification

figure 17 shows a measurement set for investigation of the 5.5 kVa salient pole synchro-
nous generator with and without the rotor skew with single layer stator windings. experimen-
tal verifications of the induced stator phase voltages are performed for the three-phase salient 
pole synchronous generators with the following rated data: SN = 5.5 kVa; UN = 400 V (Y); 
IN = 7.9 a; cosϕN = 0.8; nN = 3000 rpm; Qs = 24; p = 1; αq = 0°; αq = 15° (with and without 
the rotor skew). during the investigations, the field winding is powered by a dc voltage 
source. the induced stator voltages are registered using a four-channel digital oscilloscope. 
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figure 18 shows registered waveforms of the induced stator phase voltages under no-load 
conditions.

fig. 17. Measurement set for investigation of the induced stator voltages of the 5.5 kVa salient pole 
synchronous generator with and without the rotor skew

a) b)

fig. 18. registered waveforms of the induced stator phase voltages under no-load conditions for the 
5.5 kVa salient pole synchronous generator a) with the rotor skew, b) without the rotor skew 

in the presented waveforms (fig. 18), the total harmonic distortion of the uas and ua (with 
and without the rotor skew) for the case of Uf = const. are:

• for the 5.5 kVa synchronous generator with the rotor skew THDuas = 8.29%,
• for the 5.5 kVa synchronous generator without the rotor skew THDua = 15.18%.

6. Conclusions

this paper presents the detailed process for determining the induced stator phase voltages  
whilst taking into account the circuital model of the low power salient pole synchronous 
generator with and without the rotor skew with damping circuits. this model is based on 
the self and mutual stator to rotor inductance distributions that are determined by means of 
the feMM program. based on the simulation studies, it can be concluded that in a steady 
state when powering the field winding from a dc voltage source due to the presence of the 
damping bars on the rotor:
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• without the skew and due to rotor current derivatives (in damping bars and field current) 
the increase of harmonic content in induced stator voltages is significant and registered 
THDua = 15.18% and simulated THDua = 13.73%,

• with the skew reduces the influence of the rotor current derivatives (in damping bars and 
field current) on the increase of harmonic content in induced stator voltages and registered 
THDua = 8.29% and simulated THDua = 8.39%.

due to the presence of the stator slots (Qs) in the field current and in the damping bar, 
currents dominate mainly Qs-th harmonic. as shown in this paper, for the examined 5.5 kVa 
synchronous generator, the current derivative dir/dt in same damping bars for 24th harmonic 
(Qs = 24) has a value of almost 11 ka/s. although, the magnitude of the stator to damping bar 
(and part of the two rings) of the mutual inductance distributions Lsr = [Lar(1), …, Lar(10); Lbr(1), 
…, Lbr(10); Lcr(1), …, Lcr(10)] are equal to 0.4 mh, but the product of the Lsrdir/dt has significant 
influence on the waveforms of the induced stator voltages for the model without a rotor skew. 

the main advantages of the circuital modelling (in comparison with simulations using a field 
model) are the short calculation time, direct and complete control of the influence of every elec-
tromagnetic parameter on increasing or reduction of the harmonic contents in the induced stator 
phase voltages. in the case of a field model simulation of the salient pole synchronous generator 
with damping circuits with and without the rotor skew, it is difficult to determine which of the 
electromagnetic parameters have an influence on the induced stator phase voltages. 

as shown in this article, feMM cooperation (in determining the self and mutual induc-
tance distributions) with numerical calculation of the inductance derivative distributions and 
the simulations in the circuital model give good results similar to experimental ones.
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