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1. Introduction 

In this paper we consider an infinite implicit system of non-linear parabolic functional- 
-differential inequalities of the form 

 
( , , ( , ), ( , ), ( , ), ( , ), )

( , , ( , ), ( , ), ( , ), ( , ), ) ( )

i i i i
i t x xx

i i i i
i t x xx

F x t u x t u x t u x t u x t u

F x t v x t v x t v x t v x t v i≥ ∈ℕ
 (1) 

for 1( , ) ( ,..., , ) ,nx t x x t D= ∈  where 0 0( , ]nD t t T⊂ × + 
ℝ  is a relatively arbitrary set more 

general than the cylindrical domain 0 0 0( , ] .D t t T× + ⊂ n+1
ℝ  

The symbol w (=u or v) denotes the mapping 

: ( , , ) ( , )iw D i x t w x t× ∋ → ∈ɶℕ ℝ  

where Dɶ  is an arbitrary set such that 

0( , ];nD D t T⊂ ⊂ × −∞ +ɶ ℝ  

( )iF i ∈ℕ  are functionals of , ( , ) grad ( , )i i
x xw w x t w x t=  and ( , )i

xxw x t denote the matrices  

of second order derivatives with respect to  of ( , ) ( ).ix w x t i∈ℕ  

In the paper we prove Theorem 3.1 on infinite implicit system (1) of weak parabolic 
functional-differential inequalities and Theorem 4.1 on strong maximum principle for 
infinite implicit system (1). 

Some results obtained are based on [1, 2, 5, 12–16, 18]. Some infinite and finite, 
parabolic and hyperbolic systems were considered by [3, 4, 7–11, 19]. 

Infinite parabolic systems have physical application. For this purpose please see the 
publication [17, 6]. 

2. Preliminaries 

We shall use the following notations 

{ } 1( , ), 1,2,... , ( ,..., ) ( )n
nx x x n= −∞ ∞ = = ∈ ∈ℝ ℕ ℝ ℕ  

Let t0 be a real finite number and let 0 .T< < ∞  

A set )({ 0 0, : , }nD x t x t t t T⊂ ∈ < ≤ +ℝ  is called a set of type (P) if: 

a) the projection of the interior of set D on the t-axis is the interval ( )0 0, ,t t T+  

b) for every ( ),x t D∈ɶɶ  there exists a positive number ( , )r r x t= ɶɶ  such that 

2 2

1

{( , ) : ( ) ( ) , }
n

i i
i

x t x x t t r t t D
=

− + − < < ⊂∑ ɶ ɶɶ  
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c) all the boundary points ( , )x tɶɶ  of D for which there is a positive number ( , )r r x t= ɶɶ  such 

that 

2 2

1

{( , ) : ( ) ( ) , }
n

i i
i

x t x x t t r t t D
=

− + − < ≤ ⊂∑ ɶ ɶɶ  

belong to D. 

Let Dɶ  be an arbitrary set such that 

0( , ]nD D t T⊂ ⊂ × −∞ +ɶ ℝ  

and let 

 : \pD D D∂ = ɶ  (2) 

For an arbitrary fixed point ( , ) ,x t D∈ɶɶ  we denote by ( , )S x t− ɶɶ  the set of points 

( , )x t D∈  that can be joined to ( , )x tɶɶ  by a polygonal line contained in D along which the  

t-coordinate is weakly increasing from ( , ) to ( , ).x t x tɶɶ  

Let  ( )Z D∞
ɶ  denote the linear space of mappings 

: ( , , ) ( , )iw D i x t w x t× ∋ → ∈ɶℕ ℝ  

where functions 

: ( , ) ( , )i iw D x t w x t∋ → ∈ɶ ℝ  

are continuous in D  and 

sup { ( , ) : ( , ) , }iw x t x t D i∈ ∈ < ∞ɶ ℕ  

For , ( )w w Z D∞∈ ɶɶ  we write w w≤ ɶ  in the sense ( ).i iw w i≤ ∈ɶ ℕ  

In the set of mappings w belonging to ( )Z D∞
ɶ  we define the functional [ ] ,t ∞⋅  by the 

formula 

 ,[ ] sup{0, ( , ) : ( , ) , , }i
tw w x t x t D t t i∞ = ∈ ≤ ∈ɶɶ ɶ ɶ ℕ  (3) 

where 0 .t t T≤ +  

In particular 

0 ,[ ] sup{0, ( , ) : ( , ) , }i
t Tw w x t x t D i+ ∞ = ∈ ∈ɶ ℕ  

By 2,1( )Z D∞
ɶ  we denote the linear subspace of ( ).Z D∞

ɶ  A mapping w belongs to 
2,1( )Z D∞
ɶ  if  

1
, ( , , ), [ ] ( )

n kj

i i i i i i
t x x x xx x x n nw w w w w w i×= = ∈⋯ ℕ  are continuous in D. 

By ( )n nM × ℝ  we denote the space of real square symmetric matrices [ ] .jk n nr r ×=  

For ( )n nr M ×∈ ℝ  we write 0r ≥  if 
, 1

0
n

jk j k
j k

r
=

λ λ ≥∑     for all    1( , , ) .n
nλ λ ∈… ℝ  
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Let the mappings 

: ( ) ( ) ( , , , , , , )

( , , , , , , ) ( )

n
i n n

i

F D M Z D x t z p q r w

F x t z p q r w i
× ∞× × × × × ∋

→ ∈ ∈

ɶℝ ℝ ℝ ℝ

ℝ ℕ
 

be given and let for an arbitrary function 2,1( )w Z D∞∈ ɶ  

 [ , , ] : ( , , ( , ), ( , ), ( , ), ( , ), ),i i i i
i i t x xxF x t w F x t w x t w x t w x t w x t w= ( , ) ( )x t D i∈ ∈ℕ  (4) 

For a given subset E D⊂  and a given mapping 2,1( ),w Z D∞∈ ɶ  and a fixed index i ∈ℕ  

the function iF  is called uniformly parabolic with respect to w in E if there  

is a constant κ 0>  (depending on E ) such that for any two matrices 
[ ] ( ), [ ] ( )jk n n jk n nr r M r r M× ×= ∈ = ∈ɶ ɶℝ ℝ  and for ( , )x t E∈  we have 

 

1

( , , ( , ), ( , ), ( , ), , )

( , , ( , ), ( , ), ( , ), , ) ( )

i i i
i t x

n
i i i

i t x jj jj
j

r r F x t w x t w x t w x t r w

F x t w x t w x t w x t r w r r
=

≤ ⇒

− ≥ −∑

ɶ ɶ

ɶκ
 (5) 

If (5) is satisfied for κ 0=  and ( , ),i
xxr w x t= where ( , ) ,x t D∈  and for 

ˆ( , ) ,i
xxr w x t r= +ɶ  where ( , )x t E∈  and ˆ 0,r ≥ then Fi is called parabolic with respect to w  

in E. 

Two functions 2,1, ( )u v Z D∞∈ ɶ  are called solutions of the system 

 [ , , ] [ , , ] ( )i iF x t u F x t v i≥ ∈ℕ  (6) 

in D, if they satisfy (6) for ( , ) .x t D∈  

3. Theorem on infinite implicit system of weak parabolic  
functional-differential inequalities 

Theorem 3.1. Assume that: 

10 0 0( , ]nD t t T⊂ × +ℝ  is a set of type (P) and ( )iF i ∈ℕ  are the functions from Section 2. 

20 There is a constant 0 0L >  such that 

0( , , , , , , ) ( , , , , , , ) ( )i iF x t z p q r w F x t z p q r w L p p− ≤ −ɶ ɶ  

for ( , ) , , , , ( ), ( ).n
n nx t D z p p q r M w Z D× ∞∈ ∈ > ∈ ∈ ∈ ɶɶℝ ℝ ℝ  

30 There is a constant L > 0 such that 

( , , , , , , ) ( , , , , , , )i iF x t z p q r w F x t z p q r w− ɶ  

2
,

1 , 1

(( ) [ ] ) ( )
n n

j j jk jk t
j j k

L z z x q q x r r w w i∞
= =

≤ − + − + − + − ∈∑ ∑ɶ ɶ ɶɶ ℕ  
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for 

(i) ( , ) , , , , , , , ( ), , ( )n
n nx t D x L z z p q q r r M w w Z D× ∞∈ > ≥ ∈ ∈ ∈ ∈ ɶɶ ɶ ɶɶ ℝ ℝ ℝ  

and for 

(ii)  ( , ) , , , , , , , ( )x t D x L z z p q q r r w w Z D∞∈ ≤ ≥ ∈ = = ∈ ɶɶ ɶ ɶɶ ℝ  

40 The functions 2,1, ( )u v Z D∞∈ ɶ  satisfy the inequality 

 ( , ) ( , ) for ( , ) pu x t v x t x t D≤ ∈ ∂  (7) 

50 ( )iF i ∈ℕ  are parabolic with respect to u in D. 
60 The functions u and v are solutions of system (6) in D. 
Then 

 ( , ) ( , ) for ( , )u x t v x t x t D≤ ∈ ɶ  (8) 

Proof. Firstly we shall show that for h, defined by the formula 

 { }1 3
0 2

: min , lnh T L L−=  (9) 

we have 

 [ ]
0 , 0t hu v + ∞− ≤  (10) 

For this purpose fix index j ∈ℕ  and put 

 ( , , , , , ) : ( , , , , , , )jF x t z p q r F x t z p q r u=  (11) 

Let 

{ }0 0: ( , ) : ( , ) ,h hD x t x t D t t t += ∈ < ≤  

Introduce the function η  by the formula 

 ( )0 0
, 0( , ) ( , ) [ ] exp ( ) 1j L

t h L
x t v x t u v t t+ ∞

 η = + − − −  
 (12) 

and observe that, by (7) and the definition of the functional [ ] ,
,

t ∞⋅  we have the inequality 

 ( , ) ( , ) for ( , ) ( \ )j
hu x t x t x t D D D≤ η ∈ ∩ ∂ɶ  (13) 

From (11), assumption 60, (12), assumptions 20 and 30, and again (12), we obtain  

 
( , , ( , ), ( , ), ( , ), ( , ))

( , , ( , ), ( , ), ( , ), ( , ))

j j j j
t x xx

t x xx

F x t u x t u x t u x t u x t

F x t x t x t x t x t− η η η η
 (14) 

( , , ( , ), ( , ), ( , ), ( , ), )

( , , ( , ), ( , ), ( , ), ( , ), )

j j j j
j t x xx

j t x xx

F x t u x t u x t u x t u x t u

F x t x t x t x t x t u

=

− η η η η
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( , , ( , ), ( , ), ( , ), ( , ), )

( , , ( , ), ( , ), ( , ), ( , ), )

j j j j
j t x xx

j t x xx

F x t v x t v x t v x t v x t v

F x t x t x t x t x t u

≥

− η η η η
 

( , , ( , ), ( , ), ( , ), ( , ), )

( , , ( , ), ( , ), ( , ), ( , ), )

j j
j t x xx

j t x xx

F x t v x t v x t x t x t v

F x t x t x t x t x t u

= η η

− η η η η
 

( , , ( , ), ( , ), ( , ), ( , ), )

( , , ( , ), ( , ), ( , ), ( , ), )

( , , ( , ), ( , ), ( , ), ( , ), )

( , , ( , ), ( , ), ( , ), ( , ), )

j i
j t x xx

j
j t x xx

j
j t x xx

j t x xx

F x t v x t v x t x t x t v

F x t v x t x t x t x t v

F x t v x t x t x t x t v

F x t x t x t x t x t u

= η η

− η η η

+ η η η

− η η η η

 

( )
( )

00 0

0 00

0 , 0

, 0 ,

[ ] exp ( )

[ ] [exp ( ) 1] [ ]

0 for ( , )

L L
t hL L

L
t h t hL

h

L u v t t

L u v t t L u v

x t D

+ ∞

+ ∞ + ∞

≥ − −

− − − − − −

≥ ∈

 

because 

( )00 0
, 0( , ) ( , ) [ ] exp ( )j L L

t t t hL L
x t v x t u v t t+ ∞η = + − −  

By (14), (13), assumptions 20, 30 and 50, we have, from Theorem 2.1 in [5], that 

 ( , ) ( , ) for ( , )j
hu x t x t x t D≤ η ∈  (15) 

From (15) and (12) 

 ( )0 0
, 0( , ) ( , ) [ ] [exp ( ) 1]j j L

t h L
u x t v x t u v t t+ ∞− ≤ − − −  (16) 

By (9), we have 

 
1( ) 10

0 01 1
t tLL LL he e

− − −
− ≤ −  (17) 

1 1 3
0 0 2

3
lnln 12

0 02
1 1 for ( , ]LL L Le e t t t h

− −

≤ − = − = ∈ +  

and consequently, from (16) and (17), 

 
0

1
,2

( , ) ( , ) [ ] for ( , )j j
t h hu x t v x t u v x t D+ ∞− ≤ − ∈  (18) 

Since (18) holds for an arbitrary fixed index j ∈ℕ  then, by (3), (7) and (18) 

 
0 0

1
, ,2

[ ] [ ]t h t hu v u v+ ∞ + ∞− ≤ −  (19) 

Consequently, (10) is satisfied. 
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If h = T  then the proof is complete. 
For 

1 3
0 2

lnh L L T−= <  

there are numbers  s∈ℕ  and 1 3
0 2

[0, ln )h L L−∈ɶ  such that 

1 3
0 0 0 2

lnt T t s L L h−+ = + + ɶ  

If s = 1 then the above argument implies that (10) holds. 

If s = 2 then substituting  0t h+  in the place of 0t  and ˆ \ hD D D=  in the place of D,  

we have, by (7) and (10) 

ˆ( , ) ( , ) \u x t v x t D D≤ ∈ ɶ  

We see that the above argument holds in the set D̂  and, consequently, we get 

0 2 ,[ ] 0t hu v + ∞− ≤  

If s > 2 then, by the suitably modified argument for s =1 and s = 2, we have 

0 ,[ ] 0t shu v + ∞− ≤  

In the case if 0,h =ɶ  and so if 

0 0t sh t T+ = +  

the proof of Theorem 3.1 is complete. 
To prove, finally, the proof of our theorem it is enough to show that 

0 ,[ ] 0t sh hu v + + ∞− ≤ɶ  

where 1 3
0 2

(0, ln ).h L L−∈ɶ  But, in this case, the proof is the modification of the proofs  

in cases s =  1 and s  > 2. In particular for 1 3
0 2

(0, ln )h L L−∈ɶ  the following inequality holds 

1
0 1

2
1LL he

−
− <
ɶ

 

Then, for 

1 3
0 2

lnh L L T−= <  

the proof is complete. 

4. Theorem on strong maximum principle for infinite implicit system 
of parabolic functional-differential inequalities 

Theorem 4.1. Let assumptions 10, 20, 40, 50 and 60 of Theorem 3.1 be satisfied. Replace 
assumption 30 of Theorem 3.1 by a stronger assumption: 
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70 There is a constant  L > 0 such that 

2
,

1 , 1

( , , , , , , ) ( , , , , , , )

( [ ] ) ( )

i i

n n

j j jk jk t
j j k

F x t z p q r w F x t z p q r w

L z z x q q x r r w w i∞
= =

−

≤ − + − + − + − ∈∑ ∑

ɶ ɶ ɶɶ

ɶ ɶ ɶɶ ℕ
 

for all ( , ) , , , , , , , ( ), , ( ).n
n nx t D z z p q q r r M w w Z D× ∞∈ ∈ ∈ ∈ ∈ ∈ ɶɶ ɶ ɶɶ ℝ ℝ ℝ ℝ  

Suppose finally that: 
80 There is a constant * 0L >  such that 

*( , , , , , , ) ( , , , , , , ) ( )i iF x t z p q r w F x t z p q r w L p p i− ≤ − ∈ɶ ɶ ℕ  

for all ( , ) , , , , , ( ), ( ).n
n nx t D z p p q r M w Z D× ∞∈ ∈ ∈ ∈ ∈ ∈ ɶɶℝ ℝ ℝ ℝ  

90 ( )iF i ∈ℕ  are uniformly parabolic with respect to v any compact subset of D. 

Under those assumptions inequality (8) is satisfied and, moreover, if for some point 
( , )x t D∈ɶɶ  and some index j ∈ℕ  the inequality 

( , ) ( , )j ju x t v x t=ɶ ɶɶ ɶ  

is satisfied then 

 ( , ) ( , ) for ( , ) ( , )j ju x t v x t x t S x t−= ∈ ɶɶ  (20) 

Proof. Inequality (8) is a consequence of Theorem 3.1. Now, suppose that the second 

assertion of Theorem 4.1 is not true. Then there exist two points * *( , ) ( , )x t S x t−∈ ɶɶ  and 
** **( , ) ( , ),x t S x t−∈ ɶɶ  where * ** ,t t<  such that the segment joining them is contained in D 

and 

 ** ** ** **( , ) ( , )j ju x t v x t=  (21) 

and 

 * * * *( , ) ( , )j ju x t v x t<  (22) 

Denoting by ⋅  the Euclidean norm and putting 

x x

t t

∗∗ ∗

∗∗ ∗
−ξ =
−

 

we introduce the functions ψ  and ϕ  by the formulas  

22 * *

2

( , ) ( )

( , ) ( , )t

x t x x t t

x t e x t−α

ψ = δ − − − ξ −

ϕ = ψ
 

δ  and α  being positive constants to be determined later. 
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Consider the oblique cylinder 

* **{( , ) : 0, }Q x t t t t= ψ > < ≤  

with * *( , )x t  and ** **( , )x t  as the centers of the bases. We choose δ  so small that Q D⊂  

and that on the lower base B of Q the inequality 

 * * *( , ) ( , ), ( , )j ju x t v x t x t B< ∈  (23) 

is satisfied. 
Put 

 ( , , , , , ) ( , , , , , , )jF x t z p q r F x t z p q r u=  (24) 

Now, setting 

 ( , ) ( , ) ( , ), 0jw x t v x t x tε = − εϕ ε >   

we will prove that 

 
( , , ( , ), ( , ), ( , ), ( , ))

( , , ( , ), ( , ), ( , ), ( , )), ( , )

j j j j
t x xx

t x xx

F x t u x t u x t u x t u x t

F x t w x t w x t w x t w x t x t Qε ε ε ε≥ ∈
 (25) 

provided that α  is chosen large enough. 

To this effect, we substitute jv wε= + εϕ  in (6) and we obtain 

 
( , , ( , ), ( , ), ( , ), ( , ), )

( , , ( , ), ( , ) , ( , ), ( , ) , ), ( , )

j j j j
j t x xx

j j
j t t x xx xx

F x t u x t u x t u x t u x t u

F x t v x t w x t v x t w x t v x t Dε ε≥ + εϕ + εϕ ∈
 (26) 

A direct computation gives 

 2 * *4 ( ( ))t t
t e e x x t t−α −αϕ = −α ψ + ψξ − − ξ −�  (27) 

 * *4 ( ( ))t
x e x x t t−αϕ = − ψ − − ξ −  (28) 

 4 t
xx e I r−αϕ = − ψ +  (29) 

where I  is the identity matrix and r is the matrix with the elements 

* * * *8 ( ( ))( ( ))
l

t
k k k l le x x t t x x t t−α − − ξ − − − ξ −  

Since 0,rε ≥  it follows from (26) and (29), by assumption 90 (see (5)) that for 

( , )x t Q∈  

2* *

( , , ( , ), ( , ), ( , ), ( , ), )

( , , ( , ), ( , ) , ( , ), ( , ) 4 , )

8 ( )

j j j j
j t x xx

i j t
j t t x xx

t

F x t u x t u x t u x t u x t u

F x t v x t w x t v x t w x t e I v

e x x t t

ε ε −α

−α

≥ + εϕ − ε ψ

+ εκ − − ξ −
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The last inequality and assumption 70 together with (8) imply that 

2* *

( , , ( , ), ( , ), ( , ), ( , ), )

( , , ( , ) , ( , ) , ( , )

( , ) 4 , )

8 ( ) , ( , )

j j j j
j t x xx

j t t x x

t
xx

t

F x t u x t u x t u x t u x t u

F x t w x t w x t w x t

w x t e I u

e x x t t x t Q

ε ε ε

ε −α

−α

≥ + εϕ + εϕ + εϕ

− ε ψ

+ εκ − − ξ − ∈

 

From assumption 20 and formula (27) it follows that 

* *

2* * 2
0

( , , ( , ), ( , ), ( , ), ( , ), )

( , , ( , ) , ( , ) 4 ( ( ))

( , ) , ( , ) 4 , )

8 ( ) , ( , )

j j j j
j t x xx

t
j t

t
x x xx

t t

F x t u x t u x t u x t u x t u

F x t w x t w x t e x x t t

w x t w x t e I u

e x x t t L e x t Q

ε ε −α

ε ε −α

−α −α

≥ + εϕ + ε ψϕ − − ξ −

+ εϕ − ε ψ

+ εκ − − ξ − + εα ψ ∈

�

 

Now, by applying assumptions 70 and 80, the definition of function ,ϕ  (28) and (24), we 

get from the above inequality the following estimate 

 

( , , ( , ), ( , ), ( , ), ( , )

( , , ( , ), ( , ), ( , ), ( , ))

( , ), ( , )

j j j j
t x xx

t x xx

F x t u x t u x t u x t u x t

F x t w x t w x t w x t w x t

g x t x t Q

ε ε ε ε≥
+ε ∈

 (30) 

where 

 

22 * *
0

* ** *

* ** * 2
*

( , ) ( ) {8 ( )

4 [ ( )

( ) ]}

t

t

g x t L L e x x t t

nL x x x

nL x x x L e

−α

−α

= α − ψ + κ − − ξ −

− ψ δ δ + + −

+ δ + + − + δ ξ

  

The expression in the braces tends uniformly in Q to 28 0κδ >  as ψ tends to 0. Hence, 
there is a µ such that  δ > µ > 0  and ( , ) 0g x t >  for ( , )x t Q∈  with 0 ( , ) .x t< ψ < µ  

On the other hand, for ( , )x t Q∈  such that ( , ) 0,x tδ ≥ ψ ≥ µ >  we can choose α > 0  

so large as to make 2
0( )L Lα − ψ  larger than the absolute value of the expression in braces 

which is bounded independently of α. In this way, α being chosen sufficiently large,  
we can make ( , ) 0 in ,g x t Q> and thus, by (30), we get (25). As a consequence of (23) we 

can choose ε ∈ (0, 1] so small that 

 * * *( , ) ( , ), ( , )ju x t w x t x t Bε≤ ∈  (31) 
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Finally, observe that, by (8), on the side surface of Q we have 

 ( , ) ( , )ju x t w x tε≤  (32) 

since ( , ) ( , )jw x t v x tε =  there. 

According to assumption 50 we verify that the function F is parabolic with respect  

to .ju This last remark together with assumptions 10, 20, 70, and formulas (25), (31), (32) 

shows that for functions ,ju wε  and F all the assumptions of Theorem 2.1 in [5] are 
satisfied in Q  with m=1. Therefore 

( , ) ( , ) ( , ) ( , )j ju x t w x t v x t x tε≤ = − εϕ  

in Q  and in particular, since ** **( , ) 0x tϕ >  

** ** ** **( , ) ( , )j ju x t v x t<  

what contradicts (21). 
The proof of Theorem 4.1 is complete. 
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