1-NP/2009

CZASOPISMO TECHNICZNE WYDAWNICTWO é%skzqog

TECH N ICAL TRANSACTIONS POLITECHNIKI KRAKOWSKIEJ ISSUE 8

YEAR 106

LUDWIK BYSZEWSKI"

INFINITE IMPLICIT SYSTEM OF WEAK PARABOLIC
FUNCTIONAL-DIFFERENTIAL INEQUALITIES
AND STRONG MAXIMUM PRINCIPLE
FOR THIS INFINITE SYSTEM

NIESKONCZONY UWIKEANY UKELAD
StABYCH PARABOLICZNYCH FUNKCJONALNO-
-ROZNICZKOWYCH NIEROWNGOSCI
| MOCNA ZASADA MAKSIMUM
DLA TEGO NIESKONCZONEGO UKLADU

Abstract
The purpose of the paper is to prove a theorem on infinite implicit system of weak parabolic
functional-differential inequalities and a theorem on strong maximum principle for infinite
implicit system of parabolic functional-differential inequalities.
Keywords infinite parabolic systemimplicit systemtheorem on weak inequalitiestrong
maximum principle

Streszczenie

Celem niniejszego artykutu jest udowodnienie twierdzenia o niegkaym uwiklanym

uktadzie stabych parabolicznych nieréwaio funkcjonalno-réniczkowych i twierdzenia

0 mocnej zasadzie maksimum dla nieskanego uwiktanego uktadu parabolicznych nieréw-

naosci funkcjonalno-raniczkowych.

Stowa kluczowenieskaiczone uktady parabolicznektady uwiktanetwierdzenie o stabych
nieréwndgciach mocna zasada maksimum
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1. Introduction

In this paper we consider an infinite implicit system of non-linear parabolic functional-
-differential inequalities of the form

FOotu (00, d(x 0, 4 (%0, b (x 9,9
2RtV (60, ¥ (60, % (%0, Y (9,9 (ON)

for (x,t) =(%,-.-,%,,t)J D, where D O R" x(t,,t,+T] is a relatively arbitrary set more

1)

general than the cylindrical domay x (to,to+T] O R,
The symbolw (=u or V) denotes the mapping

w:NxD i, x,t) 0 O- W (x ) OR
where D is an arbitrary set such that
DODOR"x (oo, ty +T;

F (iON) are functionals OfW,V\}X(X, t)= gracLV\} (x,t) and V\f;(x(x,t)denote the matrices

of second order derivatives with respect xoof w (x 1t (ION).

In the paper we prove Theorem 3.1 on infinite implicit system (1) of weak parabolic
functional-differential inequalities and Theorem 4.1 on strong maximum principle for
infinite implicit system (1).

Some results obtained are based on [1, 2, 5, 12-16, 18]. Some infinite and finite,
parabolic and hyperbolic systems were considered by [3, 4, 7-11, 19].

Infinite parabolic systems have physical application. For this purpose please see the
publication [17, 6].

2. Preliminaries

We shall use the following notations
R =(-o,0),N={1,2,.} x= ¢ ,..x, DR" 6ON
Letty be a real finite number and 16t< T < o,
AsetD D{(x,t) (XOR", t, <t<t,+T} is called a set of type if:

a) the projection of the interior of dBton thet-axis is the interva(to,t0 +T),

b) for every(f(,f) 0D there exists a positive numberr (X,{') such that

{(xt):zn:(x—X)2+(t—bz< rt<§ OD

i=1
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c) all the boundary pointéx,f) of D for which there is a positive number=r (X,{) such
that

{(xt):zn:(x—X)2+(t—bz< rt<§ 0D
i=1

belong toD.
Let D be an arbitrary set such that

DODOR"x(—w,ty+T]
and let
0,D:=D\D 2)
For an arbitrary fixed point(%,f)0D, we denote byS (%1) the set of points
(x,t)0 D that can be joined t¢X,t) by a polygonal line contained M along which the
t-coordinate is weakly increasing fro(mw, t) to (X,1).
Let Z, (D) denote the linear space of mappings
wiNxDO(i, x,t) - W (x )OR
where functions
w:DOxt) - w(x )OR

are continuous iD and

sup{jvvi (x,t) :(x,)0 D, iON}<oo

For w, W Z, (D) we write w< W in the sensev < W (iDON).
In the set of mapping® belonging toZ,, (D) we define the functionaﬂ[]]t'w by the
formula

W, ., =sup{0,w (x,T): (x1)O D, t<t, iON} ©)

wheret<t,+T.
In particular

[W 41 =SUP{O,W (x,1):(x,1)0 D, iON}
By z2Y(D) we denote the linear subspace Bf (D). A mappingw belongs to
ZZHD) it w,w = (W -, W, ), Wy, = [W, ] 5 ,(ION) are continuous il.
J

By M. «n(R) we denote the space of real square symmetric matriegs, ] .,

n
For r OM ,,(R) we writer =0 if z A A 20 forall (Ap,...,\,)OR".

jk=1
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Let the mappings
F ZDXRXRXR“anXn(R)XZM(D) O(xtz pgrw
- F(xtzpgrwiR (ON)

be given and let for an arbitrary function Z2( D)

FIxtw:= R(xtwx ), wixd, Ww(x), w(xx w (xOD (ON) (4)

For a given subseE [0 D and a given mappingv[] Z>%(D), and a fixed index ON
the function F is called uniformly parabolic with respect to in E if there

is a constant k>0 (depending on E) such that for any two matrices
r=[ry] M o(R), I =[] OM . { R and for (x,t)J E we have

r<F=FGtW 06t),wW (1), W (% 1),T,w)

e n (5)
R oGt W (60,9 (9, W (XD, W2k (F-f )
j=1
If (5) is satisfied for k=0 and r =Wixx(x, t), where (x,t)d0D, and for
F =Wixx(x, t)+ 1, where (x,t)J E and r =0,thenF; is called parabolic with respect 1o
in E.
Two functionsu, v Z>}(D) are called solutions of the system
FRixtulzK[xty¥ (iON) (6)
in D, if they satisfy (6) for(x,t) 0 D.

3. Theorem on infinite implicit system of weak parabolic
functional-differential inequalities

Theorem 3.1. Assume that:
1° DOR" x(ty,to+T] is a set of typeR) and F; (i I N) are the functions from Section 2.
2° There is a constarit, >0 such that

F(xtzpagrw-F(xtzpgrws &(p §

for (x,t)0D, zOR, p> B IR", 1 My, R), w Z (D.
3° There is a constaht> 0 such that

F(xtzpagrw-F(xtzpgrnw

SL((z—~z>+|*i|q—~q|+| fznj|fx—~rk|+[ww,m) (DN
i=1

jk=1
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for

0) (x)0D,|¥> L, 222 @R, ¢@R", 70 My, R), wvl Z (D

and for
(ii) (xt)0D,|X<s L z=7 @R, ¢ q ="y wvl Z(D
4° The functionsu, vO Z2}( D) satisfy the inequality
ux)su(x 9 for (x90ad, D (7

5° F (iON) are parabolic with respect tdn D.
6° The functionas andv are solutions of system (6)

Then
u(xtysv(xt for (xH0O D (8)
Proof. Firstly we shall show that fdr, defined by the formula
h:=min{T, L, In3} (9)
we have
[U=V]{4ne <O (10)

For this purpose fix inde) ON and put
Fixtzpagn=FK(xtzpgry (11)
Let
Dy :={(x 1)1 (x )0 D, < t< to,}

Introduce the functiom by the formula
1060 =V (% 0+ [u= | exp(& € =10)) 1] (12)
and observe that, by (7) and the definition of the functi{)i]ilaulj, we have the inequality

u(xthsn(xt for (xtO(D\ Dnad B (13)
From (11), assumptior’6(12), assumptions’2nd 3, and again (12), we obtain

FOotul (% 1), 4 (39,4 (%D, &y (% D)

(14)
- F(X! tvn(xi t)int (X, t):nx (X1 t)ﬂ XX (X! t))

=Footul (0,4 (69,4 (%9, 4 (%9, Y
_F] (thln(x! t)int (X, t)inx (X1 t)ﬂ XX (X! t)! U)
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2 F 06tV 00, (60, (%9, ¥ (% 9, 9
=F; 066N (8.0 06 D0, (%, D (61), 1)

= F 06tV (%0, ¥ (691, (X )N (%9, )
—F (atn(x1),n (X 10, (X )Ny, (X 1), 1)

= Fj (6 1V (0, (6 90, (% D0 (% D, V)
=F; (%, (% 8,0 (% 90, (6 )N (X, 1),V)

+F 065V (X 8,1 (6 0.0, (X )6 (X 1), V)
_F] (thln(x! t)vnt (X, t)!nx (X! t)rnxx (X1 t)! U)

> Lo U=Vl an €602 =10)
~ LU=Vl oleXP (£ (€ ~10)) =1~ LU~V s
20 for (x,t)0D,
because
N0 = (X 9+ U= Vo e3P (L € ~to)

By (14), (13), assumptiond,2’ and B, we have, from Theorem 2.1 in [5], that

u(x<n(xt for (xH0 D, (15)
From (15) and (12)
W (6 )=V (X )< [ U= B anolexp( L t-t5)) -1 (16)
By (9), we have
R P L 17)

3
-1 1.3 In=
<etotb g _j-e 2-1=1 for tO (.t +h]

and consequently, from (16) and (17),

u (6 -V(x)<i[u- fune for (xHOD, (18)
Since (18) holds for an arbitrary fixed indgXIN then, by (3), (7) and (18)
[U - \dto+h,oo s %[ u- \}’to+h,oo (19)

Consequently, (10) is satisfied.
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If h =T then the proof is complete.
For

h=LL"'n3<T
there are numbersON and h[0, L, In$) such that
th+T=to+sL L In3+h

If s =1 then the above argument implies that (10) holds.
If s =2 then substitutingt, +h in the place oft, and D=D\ Dy, in the place oD,
we have, by (7) and (10)

u(x )< % H0 D\ D
We see that the above argument holds in théseind, consequently, we get
[u- \dt0+2h,oo <0
If s > 2 then, by the suitably modified argumentd$erl ands =2, we have
[U=M{ +she <O
In the case ith =0, and so if
tg+tsh=14(+T

the proof of Theorem 3.1 is complete.
To prove, finally, the proof of our theorem it is enough to show that

[U - \dt0+sh+ heo <0
where F\D(O,LOL’l Ing). But, in this case, the proof is the modification of the proofs
in cases= 1 ands > 2. In particular forh O (O, LOL’l In%) the following inequality holds
gtoh -1<3
Then, for

h=L Lt nd<T

the proof is complete.
4. Theorem on strong maximum principle for infinite implicit system
of parabolic functional-differential inequalities

Theorem 4.1. Let assumptions’12°, 4°, 5° and 6 of Theorem 3.1 be satisfied. Replace
assumption 3of Theorem 3.1 by a stronger assumption:
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7° There is a constarit > 0 such that
F(xtz pgrw- F(xtZz panw
n n
SUz=4+420 g =g+ K 20| fo— T+ w W) (DN
j=1 jk=1

forall (x,t)0D, zZOR, PR, qd@R", 0 M, R), wwl Z (D
Suppose finally that:
8° There is a constarit. >0 such that

Fxtzpagrw-F(xtzparws L pp (DN)

forall (x,t)0D, zOR, pPOR, qIR", 1 M, ®R), wl Z (D.
9 F (i ON) are uniformly parabolic with respecti@ny compact subset BX

Under those assumptions inequality (8) is satisfied and, moreover, if for some point
(x,f)0 D and some indeX ON the inequality

ul(x 1) =V (%1
is satisfied then
u(x=vi(x9 for (x90 S (XY (20)

Proof. Inequality (8) is a consequence of Theorem 3.1. Now, suppose that the second
assertion of Theorem 4.1 is not true. Then there exist two péint$ )OS (%1) and

(X", )0S (%1, wheret” <t™, such that the segment joining them is contained in
and
u (X", T )=vi(X 1) (21)
and
w(x,f)<vi(x,1) (22)
Denoting by| (] the Euclidean norm and putting

_x=E
&= tT_¢0

we introduce the functiong and ¢ by the formulas
2 * * 2
W(x,t) =06 —|x=x —§(t-1t)

O(x, 1) = e W (x Y
d and a being positive constants to be determined later.
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Consider the oblique cylinder
Q={(x9:p>0,t <tst}

with (X',f) and (X" ,{" ) as the centers of the bases. We chabs® small thatQ O D
and that on the lower baBeof Q the inequality

w(xf)<v(xt), (xt)oB (23)
is satisfied.
Put
F(xtzpgn=FK(xtzpgry (24)
Now, setting

V\f(xvt)sz(Xt)_Eq)(X t)v €>0
we will prove that

FOut,ul (0,4 (9,4 (% 9, e (% D)

(25)
2 F (6 4W (1), W (% ), (X% 9, (x9), (X190 C
provided thata is chosen large enough.
To this effect, we substitute! = wf +&¢ in (6) and we obtain
Frootul (60,4 (60, 4 (%9, 8 (%9, 9 6
2 Fj BV 00, W (6 9+ ey, ¥ (69, g (% B+ed 9, (%90 T
A direct computation gives
¢, =-ae 'Y + 46N PEo (x- X -E(t 1)) (27)
0, =4 P(x- X ~§(t- 1)) (28)
b, = -4 Pl +r (29)

wherel is the identity matrix andis the matrix with the elements
867 (% — % —&i(t- D)(x - X =& (+ 1)
Since er 20, it follows from (26) and (29), by assumptiof @see (5)) that for
(xt)0Q
Frootul (0,4 (60,4 (% 9, & (%9, 9
2 F 0tV 00, W (X +ed (D, i (% 8 4 v 1y

* * 2
+8eke ™ x— X —&(t- t)‘
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The last inequality and assumpticht@gether with (8) imply that

Frootu (60,4 (60, ¢ (%9, & (x 9, 9
2 Fj Ot (% +80, W (% D+ edy, W (% B+ ed,
W, (% 1) = de€ X1, u)

+8eke™™ | x— X —E(t—f)‘z, (x 90 Q

From assumption®and formula (27) it follows that
Fiootud (60,4 (69,4 (%9, & (%9, 9
= F (1, W (x ) +ed, W (X )+ & € Poo (x X-E(t 1))
W (% 1) +Ed,, W (X - 4 €XY I, U)

+8eke ™ | x- X —&(t- f)2+ losa €'w?, (%90 Q

Now, by applying assumption§ @nd 8, the definition of functionp, (28) and (24), we
get from the above inequality the following estimate

FOotul (60,4 (x 0,4 (%9, & (%9
2 F (%, 1, W (% 0, W (% 0, § (% D, i (% 9) (30)
+eg(x 1), (% )0 Q

where

2

9(x ) = (Lo~ )& 2 +{8K|x~ X ~&(t~{)
)
f o+ LajE)y e

- [nL3(E+|X [ +|X - X

+nL(6+‘x*‘+‘x“ - X

The expression in the braces tends uniformiQito 8x3? > 0 as\y tends to 0. Hence,
there is a 4 such thad > pu > 0 andg(xt)>0 for (x,t)dQ with O<y(x,t)<p.
On the other hand, for(x,t)0Q such thatd=y(x,t)=u>0, we can choose >0
so large as to maké 0 — L)y? larger than the absolute value of the expression in braces

which is bounded independently af In this way,a being chosen sufficiently large,
we can makeg(x t) >0 in Q,and thus, by (30), we get (25). As a consequence of (23) we

can choose O (0, 1] so small that

uW(xt)sw(xt) (xt)OB (31)
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Finally, observe that, by (8), on the side surfac® ofe have

ul(x )< w(x1 (32)

since W (x,t) = VI (x 1) there.
According to assumption®Swe verify that the functiorF is parabolic with respect
to ul. This last remark together with assumptios2, 7°, and formulas (25), (31), (32)

shows that for functionsu’,w* and F all the assumptions of Theorem 2.1 in [5] are
satisfied inQ with m=1. Therefore

ul(x )< wW(x9=V(x9-ep(x9
in Q and in particular, sincé (X", )>0
w (X", T )<vi(X )

what contradicts (21).
The proof of Theorem 4.1 is complete.
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