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Abstract
This article is devoted to the investigation of the abstract linear initial value problem:

du

(@] E(t) AU = (Y in a Banach space in a parabolic case with Besovifumic We
u(s) = x

give sufficient condition for existence and uniqueness of the solution of the prqblem

which may have weak singularity at the origin
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Niniejszy artykut dotyczy abstrakcyjnego problemu ptiaavego: (D4 dt
u(s) = x

w przestrzeni Banacha z funkcBesovaf. Podane § warunki wystarczage na istnienie
i jednoznaczn@ rozwiazania problemul) ze stah osobliwdcia w punkcie pocatkowym.
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1. Introduction

Let X be a Banach space, and {eﬁ&(t)}mlo -

linear operators fronX to X with domainsD = D(A(t)) independent oh We consider the
linear abstract initial value problem

be a family of closed densely defined

%(t)ﬂ(t)u(t):f(t), to(s T,
u(s) = x s[0,T), xO X,

(1)

where f: [0,T] - X is a Besov function. We prove a theorem on the existence and

uniqueness of the solution of problem (1).
Definition 1. A functionu: [§ T] - X is said to be a classical solution of the problem

(1) if
(i) u:[sT - Xiscontinuous

(i) u:[sT - XisofclassC,
@ii)  u(t)OD foreachtd(s,T],

(iv) %(t)+A(t)u(t)= f(t) for eachtO(s, T].

2. Semigroupswith singularity

We will use the following assumptions (see [6]):
(Z1). The domainD of A(t) is independent or, D is dense inX, and forx O D
the function[0,T] Ot — A(t) xO X is of classC.

(z2). For all tO[0,T], XDZ;:{X OC:|argh—by | <w} , where b <0, wu(g,ﬁ)

there existR, (t) = -(\ + A() T OB(X) and there exist constanid =1, 6 D(% ,1},

independent ohand X\, such that

M

(=N

For a fixed sOI[0, T] we may use results of [10] to get the following remark:

IO E for X0 Zbo, tO[o,T].

Remark 2. For any fixeds[J[0, T] operators

s(=—[ &R(3a, @
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where T, ={re‘“ +h OSr<oo}u{re“ +0 05r<°0}, b0 (), +), form an analytic

semigroup with singularity generated ByA(s)) (see [9]).Moreover

j—;ss(t)=(—1)” A(9S(y for sOO,T], t>0,

and for any fixeds[J[0, T] the estimate

holds, whereM , depends only ofi and M(by assumptioiZ2)).
Definition 3. Let us defingsee [9])

N | _\-B
N CE ] GO ACLT

A”(s)§()”s M ED  for  sO[0,T], t>0, ©)

for 0O1-6,1), sO[0,T], b (i ,0), where for the function(-p) ™ we mean a branch
whose arguments lie betweefit and 3 and which is analytic in the region obtained
by omitting the positive real ax{for details se¢9]).

Remark 4.Under assumption§Z1), (Z2) the linear operator A(s) is bounded and
injective. Thus A’(9):=(A"(9)™ is well defined and for30(1-6,0) we have
D(A%(s)) D D (for details see [9]).

We can write the main theorem of [6] in the following way:
Theorem 5. Assumption$Z1), (Z2) guarantire that the problem

So+AuD= 1), 0T, IO,
u(e = x XA D' =Uom DUA®), BO(2(1-6).0),
has the unique two-parameter family of bounded opera@s{t,s)}(t - where
’ T

Ar ={(s,):0< s< t< T} (called fundamental solutigrsuch that
1°U(t,s): X - D is bounded and

Jut.s)|<Clt-9°" for s<t,
2° For any fixed3 O (2(1-6),0)

imU(t,s)x=x for xO U D(A(r)),
sot rJ0,T]

3° The function(s, T] Ot — U(t 9 xis of classC? for sO[0, T], xO X and

aa—Lt"(t,s)x+ AYU(t9»x=0 for xOX,0<s<t<sT.
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Moreover, < C|t- 9"% and

ou
=,
o (t,s)

H A(t)U(t,s)A‘l(s)Hs dt ¢ for Oss<tsT.

4° The function[0,t) Os - U(t, ) X1 X is differentiable forx O D, t0(0,T] and

% (9= UL 9 A3 x
0s
Remark 6. In [6] it is proved that
Ute)=S(t- 3+ Wip= S4)3[ 81) (R)s

where{SS(t)}t>0 is semigroup generated kiy-A(s)), and operatorP(r,s) is linear and
bounded on X.
Lemma 7. (See [6])It the function f is continuous then the function

(1) =LtW(T,r) f(r) o
is of classC' and
Lam =2 wen 1w [ (At R 1)
~Alp)S, (t=p) Rp,r) &b f(r) d“+L s tr) Br) @) d

It is easy to proof the following technical lemma:

Lemma 8. For eachd [0(-1,»), there isC >0 such that for eactad(0,)

j “tdetdr= catt, 4)
0

3. Besov spaces

For definition of spaces of Besov functions and their properties we refer to [5] and [4].
We recall some of them. We need the following definitions for characterization of Besov
functions.

Definition 9. (See [4, 5, 10])Let | =(a,b) where —o <a<b<oc. We define Ky(I)
as the set of functions: R? — R of classC®, such thatl° and2° holds:

1° For all compactK O R there exists a compact s [0 R such that, suppe(t,))0 K;
for tOK.
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2°For all compact KOR there exists compact seK, Ol such that supp
o(t, (t-0/7) 0K, for tOK and (0,1].
Definition 10. (See [5])Let | be as in the precedente definition

os™

Km(l):={am@ t,s): o0 KO(I)}.

Let | =(a,b) be an interval and let the functiap, be of classC® with support inl

such thatjkpo(t)dt =1. Let us define for each integnaffunctions
m-1 ,j
ol (1
9= —_— _—SJ t- ,
en(t 9 ;85,[“ o( s]

en(t9=26,(19-[ R(#) g+ . sr)

Theorem 11. (See [5] Theorem 1A distribution fis inB; (1), if and only if existan>o
such that following conditions holds

<Lp(t,t_TSj,f(s)>DLp(l,x,dt) forall  @OKo(l),

70 <T_1kp(t,t_Tsj, f (s)> 0 Lq((o,c), ¥ (1 ,X,dt),dTTj
for all o OK,(1). )
Theorem 12. (See [5] Theorem 2)et fOB;,(l,X), where | =(a,b), and let
h10{0,1, 2,3,...}, —h<o<I, m=h+|. Under above assumption the sequefi¢g /-,
defined by f, (t) =j:neE1(t, n(t-r)) f(r) d- converges to f inB; (I, X). If the function
f:[ab] -~ X is continuous thef f} [, are in C*([a B) N B 4( | X). Moreover{f}
converges to f inLl}(l,X). By definition of norm inB ,(1,X) for 0>0, the sequence

f, converges to firL”((a, b); X), while n — co.

4. Thelinear case

We consider the following linear Cauchy problem

du _
a(t)+A(t)u(t)— f(Y), tO(sT], J[0, T )

u(s) = x XDB.
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where f :[0,T] - X is Besov function fromBiff. We investigate the existence and
uniqueness of the classical solution. We shall prove that functipren by

u(t) =U(t, 9 x+jt U(tr) f(r) dr

is the unique classical solution of the initial value problem.
We shall show that([)l is differentiable. We note thal (L) x is the solution of initial

value problem withf = 0. By the form ofU(t,s)x and by differentiability of G([}
given in Lemma 7, it is sufficient to show the differentiability &f(0lgiven by

t
F(t):L S.(t—r) f(r)dr. By the inclusion in Corollary 2.1 from [10] it is sufficient

consider functionF O Bi,l- The following lemmas will show that satisfies the equation.
We shall prove this by aproximating the functionby solution of equations with the
right-hand side function of clags!. We can do that by Theorem 12.

Lemma 13. Assume £Z, and letq,2[0,T]. Then there exists C independent aind g
such that

ok e
o 02 .(9] < cd'™? (6)
Proof. By (2) and Z2), we have
X a o a o 0-k-2
<C 1 <
s (ovH S e A OL G L

<C U+ T < c? 2 O

Lemma 14. Let o OKy(s+¢,T), >0, O (0, T-9), ¢ (0, T],p0O (s, T) Moreover,
let function f :[0,T] - X be continuous and

M =SUp{kp(p ,p_q—Tj
T

(q)a.o[n@j f(r)dr de| <

IT‘%@(})]WJ f (r)dr

;e Q70 (OF )70 OJ}

Then

+C MTk+2 q29—2—k " f"Loo )
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Proof. We shall show that M <e. For fixed p0O(0,T) and 7(0,1]

SUPP@(% ﬂ g[o,T].

sup{kp(p ’_p—qTo _rj

<suffo(p =t =r)| 2 & 0 O T o0 (OT KO (O i< oo

©0OC” hence sup{p ¢.s):¢,s)[0,Tx F2T, T} <.

i G 70 (0T ), 70 (OJ}S

Let supp[p Ejl:l[a,b]l:l[Cb—K'r,q,+ Kl i [abO(s+s 1), where K is

independent ofr. We have

v[T’ibkak 88()IT% ( WJf(T)drsz

pP—0Co—
S

s 8qk8
o 89S T-¢ q
<[+ P07 | ¢ () dr df| +
Lfm @] (% jwrz
+

%8S, T-q P=Qy—T

k 0

Km0} (n P 1)
T- T- - -

+f o 88 * [,—p % rjf(r)drdz
b 8q T

Estimatig each term we prove Lemma 14. O
Lemma 15. (See [10])Let | =(s,T), I. =(s+¢,T), d, 1 (0, T], OKy(l.)NKy(I).
If fOL(1,X) then

T —q—
j qT_lkp(t—q',t q 7“] f(r)dr
s T

Lemma 16.(See [10]) Let | =(s,T), I. =(s+¢,T), O< gse. If f OLY(1,X) and
eOKy(I.)NK(l) then

T 9| t, f(r)dr
L T (1., X dt)

97 T— _
.jqﬁwﬁil}mm
: S T

ity

'd’s

s CT_l" f "|_1(|,><)'
L (1,X dt)

<

+ Cqu_ln f”Ll(I X)’
L°(1,X ,dt)

(t,9)-

where @, ;(t,s) =
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Proof. By Taylor formula
2

ot 0)= 3 %ot + L [ 1kest-na a)en, ™

=0 J

for tO1, supportap[t,t _ﬂc (ste—-qgT-9gcC (s T q so integrals ove(s, T- 0

and over(s, T) are equal. By Lemma 6 follows (7). Il

Lemma 17. Let function f :[s T] - X be continuous function in Besov speﬁgg(s; T
and p OKqy(1.)NKgy(l). Then for everyc(0,1] we have

J o[22t Fomor uixian ®
where F :[s T] - X is given by

F(t) = Lt S, (t-r) f(r) dr. 9)

Proof. By (9) we have

IS@(p,pT_th (t)dt = LT J-;tp(p,p—;tj S (t-r) f(r)dt o =
([ e[ s @ty e

By assumptionSy( g x is of classC. So

J- [ jF(t)dt J'.[ J'—S(cw(p,p‘_(‘j‘?”jf(r)dqudﬂ

ol Jy @] 5270 1) dae:

0

The second term is inL™(l_;X;dp) (proof as in [10] becauseA(s) is constant).
By Remark 6 and Lemma 14 for the first one we have

J‘T SIT‘ IT qiS(@ ( g_rjf(r)drdz dc’s

<C(T=9"| fls+ CE(T- 3777 f

o

O
Lemma 18. Let continuous functionf :[§T] - X be in Bi‘yf(s T), and function

F:[sT] - X be defined by(9). Then there existscI(0;1] such that for every
e UKs(lI.)NKg(l) the following condition holds
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T -
T‘sj @(p,p—th(t)dtD LH((0,0); L7 (1, ; X; dt); o).
S T
Proof. By definition ofF and using the fact thef (9 X is of classC! we have
_. 37 p—t Y L il P
J=7 j tp(p,—JF(t)dt—T L IO &p(p,
T-r pr p_q_,rj
= —S f(r)dzdqdr+
= (ow[ 1 | tr)dzda

N ss(om[p,

q_rjsr(c» f(r) dgd =

j f (r)dz dq dr.

The second term is i (l_;X;dp) (proof as in [10] A(s) is constant). We consider
the first term. Changing the order of integration we have

_SI fTI —S(o)w( p_?_rjf(r)dqudr:
_3(_[ IT s jjT_ J~T qis(@@(p, e ij(r)drdqu= J+ 3.

We estimateJ; by Lemma 14 and Lemma 16

20 et
|| N " < CZTJ J-S T_3+ekpjyo( p,—— P j f(r)dr
j=0

+Cr’ | f "Ll(I,X) +CT29_2" f||L°°'

dg+
L2(1,X)

By assumptionf OB f we have thatJ; O ((0,c); L (I.; X;dt); dr). We estimateJ,
in similiar way using Lemma 14 and Lemma 16.
Hence J O L}((0,c); L (I.;X;dt); dr) as sum of two elements of this space.

Remark 19. By proofs of above lemmas the following inequality holds

[Flles, <l g + €l f e+ £l (10)

Theorem 20. AssumeZ;-Z, and let continuous functiori :[0,T] - X be in Bll;?(O,T).
Then problent5) has the unique solution, given by

u(t) =U(t 9) x+jt U(tr) f(r) o (11)

Proof. U(t,s) x is the solution of problem (5) withi =0. So, the first term in (11) is of
classC. We consider the second term
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I:U(t,r)f(r)dr:ﬁ%(t—r) f(r)c}*+Lt W i) ) d.

t
The functionf is continous. So Remark 6 gives thﬁtW(Dr) f(r)dr is of classCh
S

t
By Lemma 17 and Lemma 18, alsg(t) :I S,(t-r) f(r)dr is of classC!.
S
Theorem 12 implies the existence of seque[nf;ﬁ}m:l, such that

f, 0B NCY([s T; X
and
fo-f in BIINL(ST: XN E(CsT X

Let us denote

t
F.(t) = j St ) ar,
WO =UE9x [ UL H0Id= UL » EO+ GO,
where G(t) = [ "W(tr) f(r)dr. Then
u, OCY(sT; ¥, w(3O D for tO(sT]

Z—T(t)z‘A(t)%(t)"’fn(t) for td(s T]. (12)

Substitutingt by f — f, in inequality (10) we have
IF=Folee, <Cl f = fallasg +CI = Tl + €| £ G

So
" F-F, "Bﬂ -~ 0, while n- o,

On the other hand, by (12), we have

S

IN

n(fﬂ— ”(DJ+ (DJ f(+ t(D]

dF
<1 1= 1,01, HE

H—@—
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By Theorem 3 in [5], Remark 19 and definition of Besov function
|| f(Q— f([ﬂ”Bg1 sC|| f, (- f(m”Bﬁ -0, when n- o

dF . dF,
Ha(m—ﬁ(m‘

S" F(O- Fn([I"B11 -0, when n- oo,
B, 0.

By Lebesgue convergence theorem and Remark 7

dG

_9G
GO 5 ®

-0, when n- o,
X

By closedness ofA(t) for t[0(s, T] the theorem is proved.

5. Example

We give example of continuous functions
f :[0,1] x [0,1] - (—o0,00)
and u:[0,1] - [0,1], such that
I. For fixed r functionf satisfies the Lipschitz condition with respect to the second
variable [ = 00 O[0,1]0¢; ,t, 0 [0,1]
|f(r.t) = f(rty)| < L[t -ty

Il.  For fixedt function f (G1) is in Besov spac&;, ;, whereo[1(0,1), i.e. TM 20

jlh‘l‘f’ sup |f ¢+hy)-f ¢y )dhs M.
0 0, T-h]

IIl.  Functionu is of classC”.
IV. Composition functionf (Cu(Q) :[0,1] - (—,) is not in Besov space, that is

1
j h™™ sup |f €+h,ug+h)- ft)dh=o
0 t0,T—h]

This shows that the theorem on existence of the solution, for semilinear case requires
additional assumption.
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6. Construction

Let us define

—No
2 > for t=0,
nlog- 2
27w nt° 1}
t)y=———-——+ for [t|0O|0,—]|,
a0 nlog?2 log’t 1t ( 2"
0 for |t|22—1n,

2 —No
[1—”'0_9 2|r|Jpn(t) for |r|s—2

27" nlog? 2
Oy (t,r) = o
0 for |r|> >
nlog” 2
q t—§21_m, 32 m) o tD 1 1
fit,r)=d ™ 2 2 o o
0 for t=0,

(0

wheren,, = k+km k= max{ 21}
For fixedr easy computations shows that

| f B"II:h_l_G sup |f ¢+hy)- fr)dhs 6

1C[0,1-h]

For fixed r semi-norm of functionf () in Besov functionB ; is no greather than 6.

Function f satisfies the Lipschitz condition with respect to the second variable with
constant 1.

Let u(t) =t. Thenu(l) is of classC” and

1
Ih"l‘“ sup |f €+ht+h)-f ¢ t)dh=co
0 t0,T—h]

This means thaff (L) O B ;.
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